In this paper, we study a numerical method for solving Nth-Order fuzzy differential equation (NOFDE). A Characterization Theorem that is presented shows that the NOFDE is equivalent to system of ODEs. So the numerical method for ODE can be used for NOFDE. Two examples are provided.
Introduction
Fuzzy differential equations (FDEs) are used in modeling problems of science and engineering. Most of the science and engineering applications of FDEs require the solution of an FDE subject to some fuzzy initial conditions, therefore, a fuzzy initial value problem arises. It is too complicated to obtain the exact solutions of an FDE that arises in the real applications. Since the fuzzy derivative is used in FDE, it is natural to begin by presenting a background of fuzzy derivative. The first and the most popular approach is using the Hukuhara differentiability, or the Seikkala derivative for fuzzy valued functions. First-order fuzzy differential equations have been considered, for example, in [16, 21, 22, 5] . In the last few years, many works have been performed by several authors in numerical solutions of fuzzy differential equations [1, 2, 18, 4] . Recently, the numerical solutions of fuzzy differential equations by predictor-corrector method has been studied in [3] . In [19, 20] , two-point boundary value problems relative to second-order nonlinear fuzzy differential equations are studied, providing results on existence and uniqueness of solution. Under this setting, mainly the existence and uniqueness of solutions is studied. In [7] Bede proved a characterization theorem which states that under certain conditions a fuzzy differential equation is equivalent to a system of ordinary differential equations. Bede also remarked that this characterization theorem can help to numerically solve fuzzy differential equation by converting them to systems of ODEs which can then be solved by any suitable numerical method for ODEs. More specifically, in [7] Bede wrote, in order to obtain numerical solutions of fuzzy differential equations under Hukuhara differentiability, it is not necessary to rewrite the whole literature on numerical solutions of ODEs in the fuzzy setting, but instead we can use any numerical method directly. In this paper we will study solutions to
where the a i (x), 0 ≤ i ≤ (n − 1), and g(x) are continuous on some interval I, subject to initial conditions 
denotes explicitly the α-level set of y. We refer to y and y as the lower and upper branches on y, respectively. For y ∈ K F (R m ), we define the length of y as: • (ii) y α is a bounded monotonic decreasing (nonincreasing) left-continuous function ∀ ∈ (0, 1] and right-continuous for α ∈ 0.
•
Let x, y ∈ E m , If there exists z ∈ E m such that x = y + z, then z is called the Hukuhara difference of x and y and it is denoted by x ⊖ y. In this paper the ⊖ sign stands always for Hukuhara difference and let us remark that
In the space E m , it is possible to define an addition and a multiplication for a real number and the defined distance d verifies that
Definition 2.2. Let d H (A, B) be the Hausdorff distance between sets
) is a complete metric space, for more details see [12] .
The fuzzy set f ′ (y 0 ) is called the Hukuhara derivative of f at y 0 .
These limits are taken in the space (E m , d) if t 0 or T, then we consider the corresponding One-Side derivation. Recall that U ⊖ V = W ∈ E m are defined on α−level sets, where 
Remark 2.2. [12] The integral of f over [t 0 , T ], denoted by
∫ [t 0 ,T ] f (t)dt or ∫ T t 0 f (t)dt, is defined levelwise by [int [t 0 ,T ] f (t)dt] α = ∫ [t 0 ,T ] f α (t)dt = ∫ T t 0 f α (t)dt = { ∫ [t 0 ,T ] g(t)dt : g : [t 0 , T ] → R m is a measurable selection for f α }f orα ∈ (0, 1]. We say that f is integrable over [t 0 , T ] if ∫ [t 0 ,T ] f (t)dt ∈ E m . The continuity of f : [t 0 , T ] → E m provides the integrability of f and for f, g integrable functions, d(f, g) is integrable and d( ∫ f, ∫ g) ≤ d(f, g).
Nth-order linear differential equations with fuzzy initial conditions
In section we review Nth-Order fuzzy initial value problems, that it has been studied in [12] .
where f :
. . , k n are real constants and x (i) represents the ith-derivative of x in the sense of Hukuhara.
Theorem 2.1. [12] Consider the space
furnished with the distance
where of course, 
. . .
. . . 
Theorem for the solutions of NOFDEs by using ODEs
Let us consider the fuzzy initial value problem NOFDE
. . , k n are real constants and x (i) represents the ith-derivative of x in the sense of Hukuhara. Eq.(3.4) translates into the following system of ODEs
In the following theorem we show that the NOFDE Eq.(3.4) will be equivalent to system Eq.(3.5). The numerical solutions of the ODEs are extremely well studied in the literature, so any numerical method we can consider for the system of ODEs, since the solution will be as well as solution of the NOFDE.
is Hukuhara differentiable n times and
Proof. According to definition 2.3, we can defined a mapping
exist and equal to F n (t). Now
and similarly for [
Dividing by h and passing to the limit gives the proposition.
Theorem 3.1. Let us consider the NOFDE Eq.(3.4) where f
: [t 0 , t 0 +a]×E m ×E m → E m is such that 1. [f (t, x, x ′ , . . . , x (n−1) )] α = f α (t, x α (t), x α (t), (x α (t)) ′ , (x α (t)) ′ , . . . , (x α (t)) (n−1) , (x α (t)) (n−1) ), f α (t, x α (t), x α (t), (x α (t)) ′ , (x α (t)) ′ , . . . , (x α (t)) (n−1) , (x α (t)) (n−1) )],
There exist L > 0 such that
Then the NOFDE Eq. (3.4) and the system of ODE Eq. (3.5) are equivalent.
Proof. The equicontinuous f α and f α implies the continuity of the function f . Further, the Lipschitz property in condition (2), we can show property as follows:
Numerical Example
Example 4.1. [8] Consider the circuit shown in Fig. 1 where L = 1h, R = 2Ω, C = 0.25f and E(t) = 50 cos t. If Q(t) is the charge on the capacitor at time t > 0, then
The unique solution is
where
with G(t) = 100 13 sin(t) + 150 13 cos(t).
By using Runge-Kutta, we present the numerical solution of this example at t = 2 in .2. for Ψ(t) = 100 4 − ε 2 (cos(εt) − cos(2t)). By using Runge-Kutta, we present the numerical solution of this example at t = 2 in Fig.4 . 
Conclusion
In this paper, we present a Theorem, that is show Nth-Order Fuzzy Differential equation(NOFDE) and the system ODE are equivalent, then we used suitable numerical methods for solving NOFDE.
